Abstract. Given a ring object A in a symmetric monoidal category, we investigate what it means for the extension 1 → A to be (quasi-)Galois. In particular, we define splitting ring extensions and examine how they occur. Specializing to tensor-triangulated categories, we study how extension-of-scalars along a quasi-Galois ring object affects the Balmer spectrum. We define what it means for a separable ring to have constant degree, which is a necessary and sufficient condition for the existence of a quasi-Galois closure. Finally, we illustrate the above for separable rings occurring in modular representation theory.
Introduction
Classical Galois theory is the study of field extensions l/k through the group of automorphisms of l that fix k. For an irreducible and separable polynomial f ∈ k[x], the splitting field of f over k is the smallest extension over which f decomposes into linear factors. In other words, the splitting field l of f is the smallest extension of k such that l ⊗ k k[x]/(f ) ∼ = l × deg(f ) . The field extension l/k is often called quasi-Galois 1 if l is the splitting field for some polynomial in k [x] . In this paper, we adapt the above ideas to the context of ring objects in a symmetric monoidal category (K, ⊗, 1), with special emphasis on tensor-triangulated categories. That is, our analogue of a field extension will be a monoid η : 1 → A 1 see Bourbaki [14, §9] . In the literature, a quasi-Galois extension is sometimes called normal or Galois, probably because these notions coincide when l/k is separable and finite.
in K with associative commutative multiplication µ : A ⊗ A → A. We call A a ring in K, and moreover assume that A is separable, which means µ has an A, A-bilinear right inverse A → A ⊗ A.
Separable ring objects play an important(though at times invisible) role in various areas of mathematics. In algebraic geometry, for instance, they appear asétale extensions of quasi-compact and quasi-separated schemes, see [8, Th.3.5] . More precisely, given a separatedétale morphism f : V → X, the object A := Rf * (O V ) in D qcoh (X) is a separable ring, and we can understand D qcoh (V ) as the category of A-modules in D qcoh (X). In representation theory, we can let K(G) be the (derived or stable) module category of a group G over a field k, and consider a subgroup H < G. In [10] , Balmer showed there is a separable ring A In the same vein, extension-of-scalars along a separable ring recovers restriction to a subgroup in equivariant stable homotopy theory, in equivariant KK-theory and in equivariant derived categories, see [11] . For more examples of separable rings in stable homotopy categories, we refer to [2] and [21] .
Thus motivated, we study how much Galois theory carries over. The generalisation of Galois theory from fields to rings originated with Auslander and Goldman in [1, App.] . For more generalizations in various directions, see [15, 18, 19] . In particular, Rognes [21] introduced a Galois theory up-to-homotopy.
Recall that we call a ring A in K indecomposable if it doesn't decompose as a product of nonzero rings. Separable ring objects have a well-behaved notion of degree, see [9] , and our first Galois-flavoured result (Theorem 4.5) shows that the number of ring endomorphisms of a separable indecomposable ring in K is bounded by its degree. If A is a ring in K and Γ is a group of ring automorphisms of A, we call A quasi-Galois in K with group Γ if the A-algebra homomorphism λ Γ : A ⊗ A −→ γ∈Γ A defined by pr γ λ Γ = µ(1⊗γ) is an isomorphism. An indecomposable ring A is quasiGalois in K for some group Γ if and only if A has exactly deg(A) ring endomorphisms in K (see Theorem 5.9) . In that case, Γ contains all ring endomorphisms of A in K.
Definition. Let A and B be rings of finite degree in K. We say B splits A if B ⊗ A ∼ = B × deg(A) as (left) B-algebras in K. We call an indecomposable ring B a splitting ring of A if B splits A and any ring morphism C → B, where C is an indecomposable ring splitting A, is an isomorphism.
Under mild conditions on K, Corollary 6.10 shows B is quasi-Galois in K if and only if B is a splitting ring of some separable ring A in K; our terminology matches classical field theory. Moreover, Proposition 6.9 shows that every separable ring in K has (possibly multiple) splitting rings.
If in addition, K is tensor-triangulated, we can say more about the way splitting rings arise. In [3] , Balmer introduced the spectrum of a tensor-triangulated category K, a topological space in which every x ∈ K has a support supp(x) ⊂ Spc(K). The Balmer spectrum provides an algebro-geometric approach to the study of triangulated categories, and a complete description of the spectrum is equivalent to a classification of the thick ⊗-ideals in the category.
For the remainder of the introduction, we assume K is tensor-triangulated and nice (say, Spc(K) is Noetherian or K satisfies Krull-Schmidt). If A is a separable ring in K, the Eilenberg-Moore category A − Mod K of A-modules in K remains tensor-triangulated and extension of scalars is exact, see [5, Cor.4.3] . We can thus extend scalars along a separable ring without leaving the tensor-triangulated world or descending to a model category. If A is quasi-Galois with group Γ in K, then Γ acts on A−Mod K and on the spectrum Spc(A−Mod K ). Theorem 9.1 shows that supp(A) ⊂ Spc(K) is given by the Γ-orbits of Spc(A− Mod K ). In particular, we recover Spc(K) from Spc(A−Mod K ) if supp(A) = Spc(K), which happens exactly when A ⊗ f = 0 implies f is ⊗-nilpotent for every morphism f in K.
Recall that for a quasi-Galois field extension l/k, any irreducible polynomial f ∈ k[x] with a root in l splits in l, see [14] . Proposition 9.8 provides us with a tensor triangular analogue:
Proposition. Let A be a separable ring in K such that the spectrum Spc(A−Mod K ) is connected, and suppose B is an A-algebra with supp(A) = supp(B). If B is quasi-Galois in K, then B splits A.
Finally, Theorem 9.9 shows that certain rings in K have a quasi-Galois closure. Given P ∈ Spc(K), we consider the local category K P at P, that is the idempotent completion of the Verdier quotient K P. We say a ring A has constant degree in K if the degree of A as a ring in K P is the same for every prime P ∈ supp(A). . . , g n as above.
Theorem. If
1. The Eilenberg-Moore Category Definition 1.1. Let K be an additive category. We say K is idempotent-complete if for all x ∈ K, any morphism e : x → x with e 2 = e yields a decomposition x ∼ = x 1 ⊕ x 2 under which e becomes ( 1 0 0 0 ). Every additive category K can be embedded in an idempotent-complete category K ♮ in such a way that K ֒→ K ♮ is fully faithful and every object in K ♮ is a direct summand of some object in K. We call K ♮ the idempotent-completion of K, and [12] shows that K ♮ stays triangulated if K was. Notation 1.2. Throughout, (K, ⊗, 1) denotes an idempotent-complete symmetric monoidal category. For objects x 1 , . . . , x n in K and a permutation τ ∈ S n , we also write τ : x 1 ⊗. . .⊗x n → x τ (1) ⊗. . .⊗x τ (n) to denote the isomorphism that permutes the tensor factors. Definition 1.3. A ring object A ∈ K is a monoid (A, µ : A ⊗ A → A, η : 1 → A) with associative multiplication µ and two-sided unit η. We call A commutative if µ(12) = µ. All ring objects in this paper will be commutative and we often simply call A a ring in K. For rings A and B in K, a ring morphism f : A → B is a morphism in K that is compatible with the ring structure.
A (left) A-module is a pair (x ∈ K, ̺ : A ⊗ x → x), where the action ̺ is compatible with the ring structure in the usual way. Right A-modules and A, Abimodules are defined analoguesly.
The Eilenberg-Moore category A−Mod K has left A-modules as objects and Alinear morphisms, which are defined in the usual way. Every object x ∈ K gives rise to a free A-module F A (x) = A ⊗ x with action given by ̺ :
We call the functor F A : K → A−Mod K the extension-of-scalars, and write U A for its forgetful right adjoint:
commutes. If A and B are rings in K and h : A → B is a ring morphism, we say that B is an A-algebra. We can equip B with the usual A-module structure via h, and write B for the corresponding object in A−Mod K . Remark 1.4. The module category A−Mod K is idempotent-complete whenever K is idempotent-complete. Example 1.5. Let R be a commutative ring and consider the category R −mod of finitely generated R-modules. Let A be a commutative projective separable Ralgebra. By [16, 
Let (A, µ, η) be a separable ring in K with separability morphism σ. In what follows, we define a tensor structure ⊗ A on A− Mod K under which extension-ofscalars becomes monoidal. The following results all appear in [9, §1] . For detailed proofs, see [20, §1.1] . Let (x, ̺ 1 ) and (y, ̺ 2 ) be A-modules. Here, we can write ̺ 2 to indicate both a left and right action of A on y, as A is commutative. Seeing how the endomorphism
is idempotent and K is idempotent-complete, we can define x ⊗ A y as the direct summand im(v) of x ⊗ y. We get a split coequaliser in K,
and A acts on x ⊗ A y by 
Note also that F gh ∼ = F g F h for any ring morphism g : B → C. Proposition 1.14. Let A be a separable ring in K and suppose B is a separable
commutes up to isomorphism.
Separable rings
Proposition 2.1. Let A be a separable ring in K. If A ∼ = B×C for rings B, C in K, then
any indecomposable ring factor of A is a ring factor of B or C. In particular, if A can be written as a product of indecomposable A-algebras
with 1 A corresponding to (1 A1 , 1 A2 ). Accordingly, the A-algebras B and C correspond to (B 1 , B 2 ) and (C 1 , C 2 ) respectively, with
Lemma 2.2. Let A be a separable ring in K. 
shows e is idempotent. Since
commutes, we also get eηα = e. Suppose e ′ is also an A-linear morphism with αe ′ = α and e ′ ηα = e ′ . Then, e = eηα = eηαe
we see that α i e j ηα i = α i e j . Hence, (α i e j η)(α i e j η) = α i e j e j η = α i e j η, so the morphism α i e j η : 1 → 1 is idempotent and equals 0 or 1 1 . In the first case, α i e j = α i e j ηα j = 0 and e i e j = e i ηα i e j = 0, in particular i = j. On the other hand, if α i e j η = 1 1 we get α i e j = α i e j ηα i = α i and α i e j = α i e j ηα j = α j , so i = j. 
Proof. Considering the A-module structure on B given by f , we note that g : B → A is A-linear:
We can thus apply Lemma 2.2 to the ring morphismḡ : B → 1 A in A−Mod K and find an idempotent B e -linear morphismē : B → B such thatḡē =ḡ andēηBḡ =ē.
Forgetting the A-action, U A (ē) := e : B → B is idempotent and B e -linear, with ge = g and ef g = e. Let f := ef . We need to show that f is B e -linear, where B emodules in K. In particular, B is a direct summand of F A (B) as F A (B)
e -modules in A−Mod K . By Lemma 1.10, B admits a ring structure under which B becomes a ring factor of F A (B). This new ring structure on B is the original one, seeing how the projection g : F B (A) → B is a ring morphism for both structures.
Degree of a Separable Ring
We recall Balmer's definition of the degree of a separable ring in a tensortriangulated category, see [9] , and show the definition works for any idempotentcomplete symmetric monoidal category K. A ⊗ A → A, we find a separable A-algebra A ′ , unique up to isomorphism, and a ring isomorphism h :
-algebras for all m ≥ 0 and n ≥ 1, where we regard A
[n] as a ring in A [n−1] −Mod K . In other words, deg
Example 3.4. Let R be a commutative ring and suppose A is a commutative projective separable R-algebra. If Spec R is connected, then the degree of A as a ring object in the categories R −mod and D perf (R) (as in Example 3.4) recovers its rank as an R-module. (a) We have
Proof. The proofs for (a) and (b) in [9, Th.3.7, 3.9] still hold in our (not-necessarily triangulated) setting. To prove (c), note that A
[n] is a B-algebra and hence a direct summand of
Proof. We prove there is an A-algebra isomorphism λ :
with pr 1 λ = µ A . We write A = n−1
×n by mapping the factor 1 i ⊗ 1 j identically to 1 i(i−j) , with indices in Z n . Then, λ is an A-algebra isomorphism and pr k=0 λ = µ A .
Proof. Let A := 1 ×n . The result is clear when n = 1, and we proceed by induction on n. By Lemma 3.6, we know A
[2] ∼ = 1
Lemma 3.8. Let A and B be separable rings of finite degree in
Proof. To prove (a), let n := deg(A×B) and C := (A×B) [n] . Writing A ′ := F C (A) and B ′ := F C (B), we know from Proposition 3.5(a) that
and apply F D to the isomorphism, we get
To prove (c), we write B := A [deg(A)] again and note that Proof. Let α i : A → 1 be distinct ring morphisms for 1 ≤ i ≤ n. By Lemma 2.3(b), we know that 1 ⊕n is a direct summand of A as an A e -module, with projections α i : A → 1 for 1 ≤ i ≤ n. Moreover, Lemma 1.10 shows that every such summand 1 admits a ring structure, under which 1 ×n becomes a ring factor of A and the projections α i are ring morphisms. In fact, these new ring structures on 1 are the original one, seeing how α i η = 1 1 is a ring morphism for every 1 ≤ i ≤ n. We show (ii)⇒(iii) by induction on n. The case n = 1 has already been proven. Let n ≥ 1 and suppose 1
is a ring factor of F B (A). By the induction hypothesis, there exists a ring morphism A
[n] → B. As usual, we write B for the separable ring in
from Proposition 1.14 shows that
is a ring factor of F B (F A [n] (A)). On the other hand, by Proposition 3.5(a) we know that
Hence, 1 B is a ring factor of F B (A [n+1] ) by Proposition 2.1 and we conclude there exists a ring morphism
[n] -algebra and write B for the corresponding separable ring in A Remark 4.6. The assumption B is indecomposable is necessary in Theorem 4.5. Indeed, deg(1 ×n ) = n but 1 ×n has at least n! ring endomorphisms.
Quasi-Galois Theory
Suppose (A, µ, η) is a nonzero ring in K and Γ is a finite set of ring endomorphisms of A with 1 A ∈ Γ. Consider the ring γ∈Γ A γ , where we write A γ = A for all γ ∈ Γ to keep track of the different copies of A. We define ring morphisms ϕ 1 : A → γ∈Γ A γ by pr γ ϕ 1 = 1 A and ϕ 2 : A → γ∈Γ A γ by pr γ ϕ 2 = γ for all γ ∈ Γ. Thus, ϕ 1 renders the (standard) left A-algebra structure on γ∈Γ A γ and we introduce a right A-algebra structure on γ∈Γ A γ via ϕ 2 .
Definition 5.1. We will consider the following ring morphism:
e -algebra morphism. Proof. To prove (a), consider the A e -linear morphism σ := λ
For (b), suppose αγ = α and σ : A → A ⊗ A as in (a). We get
Hence, α = 0 or γ = 1 A . Finally, given that
Definition 5.4. Suppose A is a nonzero ring in K and Γ is a finite group of ring automorphisms of A. We say A is quasi-Galois in K with group Γ if λ Γ : A ⊗ A → γ∈Γ A γ is an isomorphism. We also call F A : K −→ A − Mod K a quasi-Galois extension with group Γ.
Example 5.5. Let A := 1 ×n and consider the ring morphism γ := (12 · · · n) which permutes the factors. Then A is quasi-Galois with group Γ = {γ i | 0 ≤ i ≤ n − 1} ∼ = Z n . Indeed, the isomorphism λ : A ⊗ A → A ×n constructed in the proof of Lemma 3.6 is exactly λ Γ . In particular, Γ does not always contain all ring automorphisms of A.
Example 5.6. Let R be a commutative ring, A a commutative R-algebra and Γ a finite group of ring automorphisms of A over R. Suppose A is a Galois extension of R relative to Γ in the sense of [1, App.] . In particular, A is projective and separable as an R-module. Then the ring A in K = D perf (R) is quasi-Galois with group Γ.
Lemma 5.7. Let A be quasi-Galois of degree d in K with group Γ and suppose
particular, being quasi-Galois is stable under extension-of-scalars.
Proof. We immediately see that
is an isomorphism in L, so it suffices to show Γ ∼ = F (Γ) and
In particular, the morphisms µ F (A) (1 F (A) ⊗ F (γ)) with γ ∈ Γ are distinct. This shows the morphisms F (γ) with γ ∈ Γ are distinct, so that Γ ∼ = F (Γ) and F (λ Γ ) = λ F (Γ) . By the above proposition, we can simply say an indecomposable ring A in K is quasi-Galois, with the understanding that the Galois-group Γ contains all ring endomorphisms of A. 
This shows the α i are all distinct, so that Γ = {α i | 1 ≤ i ≤ d} by Theorem 4.5 and l = λ Γ . For (iii)⇒(iv), we show that every γ ∈ Γ is an automorphism. By Lemma 5.3 (a), we can find an A e -linear morphism σ : A → A⊗A such that µ(1⊗γ)σ = δ 1,γ for every γ ∈ Γ. Let γ ∈ Γ and note that γ = µ(γ ⊗ 1)(1 ⊗ γ)σ so that (1 ⊗ γ)σ : A → A ⊗ A is nonzero. Thus there exists γ ′ ∈ Γ such that Proof. Let A 1 and A 2 be indecomposable ring factors of A and suppose there is a ring morphism f : Example 6.7. Let X be a Noetherian scheme. Then D perf (X), the derived category of perfect complexes over X, is nice (see Lemma 7.12). by Lemma 6.8. Since C splits A, the ring morphism C → B is an isomorphism. Conversely, suppose B is a ring factor of A [d] , so B splits A. Let C be an indecomposable separable ring splitting A and suppose there is a ring morphism C → B. As before, C is an A
[d] -algebra and there exists a ring morphism B ′ → C for some indecomposable ring factor B ′ of A [d] . The composition B ′ → C → B is an isomorphism by Remark 6.3 and Lemma 6.4. In other words, B is a ring factor of the indecomposable ring C, so that C ∼ = B.
Corollary 6.10. Suppose K is nice and B is a separable indecomposable ring of finite degree in K. Then B is quasi-Galois in K if and only if there exists a nonzero separable ring A of finite degree in K such that B is a splitting ring of A.
Proof. Suppose B is indecomposable and quasi-Galois of degree t, so B
as B-algebras. Then, B is a splitting ring for B because B is a ring factor of B [t] :
Now suppose B is a splitting ring for some A in K, say with deg(A) = d > 0. Seeing how F B (B) is a ring factor of
B for some t > 0. By Theorem 5.9, B is quasi-Galois.
Tensor Triangular Geometry
Definition 7.1. A tt-category K is an essentially small, idempotent-complete tensor-triangulated category. In particular, K comes equipped with a symmetric monoidal structure (⊗, 1) such that x ⊗ − : K → K is exact for all objects x in K. A tt-functor K → L is an exact monoidal functor.
Throughout the rest of this paper, (K, ⊗, 1) will denote a tt-category.
Remark 7.2. Balmer proved in [5] that extensions along separable ring objects preserve the triangulation: (A−Mod K , ⊗ A , 1 A ) is a tt-category, extension-of-scalars F A becomes a tt-functor and U A is exact. Definition 7.3. We briefly recall some tt-geometry and refer the reader to [3] for precise statements and motivation. The spectrum Spc(K) of a tt-category K is the set of all prime thick ⊗-ideals P K. The support of an object x in K is supp(x) = {P ∈ Spc(K) | x / ∈ P} ⊂ Spc(K). The complements U(x) := Spc(K) − supp(x) of these supports form an open basis for the Zariski topology on Spc(K). Moreover, for all x ∈ K, we have
Example 7.5. Let R be a commutative ring. Then D perf (R), with left derived tensor product, is a tt-category and Spc(D perf (R)) recovers Spec(R).
Let A be a separable ring in K. We will consider the continuous map
induced by the extension-of-scalars F A : K → A− Mod K . We collect some of its properties here.
Theorem 7.6. ( [7, Th.3.14] ). Let A be a separable ring of finite degree in K. Then
fA is a coequaliser, where f 1 , f 2 are the maps induced by extension-of-scalars along the morphisms 1 ⊗ η and η ⊗ 1 : A → A ⊗ A respectively. In particular, the image of
Definition 7.8. We call a tt-category K local if x ⊗ y = 0 implies that x or y is ⊗-nilpotent for all x, y ∈ K. The local category K P at the prime P ∈ Spc(K) is the idempotent completion of the Verdier quotient K P. We write q P for the canonical tt-functor K ։ K P ֒→ K P . . Suppose A is a separable ring in K. If the ring q P (A) has finite degree in K P for every P ∈ Spc(K), then A has finite degree and Proof. Let A be a separable ring of finite degree in K. If A is not indecomposable, we can find nonzero rings A 1 , A 2 ∈ K with A ∼ = A 1 × A 2 . We prove that any ring decomposition of A in K has at most finitely many nonzero factors. Suppose there is a sequence of nontrivial decompositions A = A 1 × B 1 , B 1 = A 2 × B 2 ,. . . , with B n = A n+1 × B n+1 for n ≥ 1. By Proposition 7.10, we know deg(q P (B n )) ≥ deg(q P (B n+1 )) for every P ∈ Spc(K), hence supp(B
n+1 ) for every i ≥ 0. Seeing how Spc(K) is Noetherian, we can find k ≥ 1 with supp(B
n+1 ) for every i ≥ 0 and n ≥ k. In particular, deg(q P (B k )) = deg(q P (B k+1 )) for every P ∈ Spc(K), so that q P (A k+1 ) = 0 for all P ∈ Spc(K). By Proposition 7.9, we conclude A k+1 = 0.
Rings of Constant Degree
Definition 8.1. We say a separable ring A in K has constant degree d ∈ N if the degree deg K P q P (A) equals d for every P ∈ supp(A) ⊂ Spc(K). Proof. Note that supp(A [2] ) ⊆ supp(A) because A ⊗ A ∼ = A × A [2] in K. Hence supp(A Proof. We first note that deg(
which shows F (A) has constant degree d. Conversely, suppose F (A) has constant degree d and supp(A) ⊂ im(Spc(F )). In particular, supp( Proof. Given that A has constant degree d, we claim that for every 1 ≤ n ≤ d, 
Quasi-Galois Theory and Tensor Triangular Geometry
Let A be a separable ring in K and Γ a finite group of ring morphisms of A. Then, Γ acts on A−Mod K (see Remark 1.13) and therefore on the spectrum Spc(A−Mod K ).
Proof. Diagram 5.2 yields a diagram of topological spaces
where f 1 , f 2 , g 1 , g 2 , l are the maps induced by extension-of-scalars along the morphisms 1 ⊗ η, η ⊗ 1, ϕ 1 , ϕ 2 and λ respectively (in the notation of Definition 5.1). That is, g 1 , g 2 : γ∈Γ Spc(A γ −Mod K ) → Spc(A−Mod K ) are continuous maps such that g 1 incl γ is the identity and g 2 incl γ is the action of γ on Spc(A−Mod K ). Now, the coequaliser 7.7 turns into 
is an equaliser by [6, Prop.2.12] . Under the isomorphism A ⊗ A ∼ = γ∈Γ A γ , this becomes
where pr γ ϕ 1 = 1 A and pr γ ϕ 2 = γ for all γ ∈ Γ.
The following lemma is a tensor-triangular version of Lemma 6.4. 
Proof. Let A 1 and A 2 be indecomposable ring factors of A and suppose A splits itself. We know
and hence in K(G), is given for g ∈ T and x, y ∈ G by
with k ∈ K such that y −1 xkg −1 ∈ H. This yields an A K -algebra structure on A K∩H t for every t ∈ T , given by Lemma 10.7. Let H < G. Suppose x, g 1 , g 2 , . . . , g n ∈ G and 1 ≤ i ≤ n. 
